Abstract-An exact solution to the problem of scattering of a plane electromagnetic wave by two perfectly conducting prolate spheroids arbitrarily oriented is obtained by expanding the incident and scattered electric fields in terms of an appropriate set of vector spheroidal eigenfunctions. The incident wave is considered to be a monochromatic, uniform plane electromagnetic wave of arbitrary polarization and angle of incidence. In order to impose the boundary conditions, the field scattered by one spheroid is expressed in terms of the spheroidal coordinates attached to the other spheroid, by using the rotational-translational addition theorems for vector spheroidal wave functions. The column matrix of the scattered field expansion coefficients is equal to the product of a square matrix which is independent of the direction and polarization of the incident wave, and the column matrix of the known incident field expansion coefficients. The unknown scattered field expansion coefficients are obtained by solving the associated set of simultaneous linear equations. Numerical results for the bistatic and backscattering cross sections for prolate spheroids with various axial ratios and orientations are presented.
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Abstract-An exact solution to the problem of scattering of a plane electromagnetic wave by two perfectly conducting prolate spheroids arbitrarily oriented is obtained by expanding the incident and scattered electric fields in terms of an appropriate set of vector spheroidal eigenfunctions. The incident wave is considered to be a monochromatic, uniform plane electromagnetic wave of arbitrary polarization and angle of incidence. In order to impose the boundary conditions, the field scattered by one spheroid is expressed in terms of the spheroidal coordinates attached to the other spheroid, by using the rotational-translational addition theorems for vector spheroidal wave functions. The column matrix of the scattered field expansion coefficients is equal to the product of a square matrix which is independent of the direction and polarization of the incident wave, and the column matrix of the known incident field expansion coefficients. The unknown scattered field expansion coefficients are obtained by solving the associated set of simultaneous linear equations. Numerical results for the bistatic and backscattering cross sections for prolate spheroids with various axial ratios and orientations are presented.
I. INTRODUCTION
T HE ANALYSIS OF electromagnetic wave scattering by spheres and spheroids has been of increasing interest during the past few decades, due to the possibility of applying exact analytical methods and to the fact that a large number of real system objects can be modeled by spheroids with appropriate axial ratios.
An exact solution to the problem of scattering of a plane electromagnetic wave by a system of two spheres was obtained by Bruning and Lo [1] , using the translational addition theorems for vector spherical wave functions given by Cruzan [2] , which is essentially an extension of the formulation previously presented by Stein [3] . Exact solutions for scattering of a plane electromagnetic wave by two perfectly conducting prolate spheroids with parallel major axes were developed by Sinha and MacPhie [4] , and by Dalmas and Deleuil [5] . The problem was solved by using different types of vector spheroidal wave functions and the corresponding translational addition theorems [6] , [7] . This paper presents an exact solution to the problem of scattering of a plane electromagnetic wave by a system of two perfectly conducting prolate spheroids, with arbitrary orientation. This solution has been obtained by applying rotationaltranslational addition theorems for vector spheroidal wave Manuscript received April 29, 1988; revised August IS, 1988 . This work was supported by a grant from the Natural Sciences and Engineering Research Council of Canada (NSERC).
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functions derived recently by the authors [8] , on the basis of the theorems for scalar spheroidal wave functions [9] . As in the case of two spheroids with parallel major axes, the solution is given in the form S = [G] l, where Sis the column matrix of the unknown coefficients in the total scattered field expansion, l is the column matrix of the known coefficients in the incident field expansion, and [G] is the system matrix, whose elements depend only on the scattering system geometry and the frequency of the incident field. The solution for oblate spheroids can be obtained from that for prolate spheroids by using the transformation ~ -+ j~ and h -+ -jh (or F-+ -jF) , where ~ is the radial spheroidal coordinate, h = kF, with F being the semi-interfocal distance and k the wavenumber.
II. INCIDENT AND SCATTERED FIELD EXPANSIONS IN TERMS OF VECTOR SPHEROIDAL WAVE FUNCTIONS
Consider two prolate spheroids A and B as shown in Fig.  1 A linearly polarized, monochromatic plane electromagnetic wave, with an electric field of unit amplitude, is incident at an angle (Ji with respect to the major axis of A, the plane of incidence being the x -z plane (</>i = 0), as shown in Fig. 1 . The polarization angle 'Yk is the angle between the direction of the incident electric field intensity vector and the direction of the normal to the plane of incidence. 'Yk is zero for transverse electric (TE) polarization and 7rl2 for transverse magnetic (TM) polarization.
The incident electric field in the unprimed coordinate system E;A can be expanded in a series of prolate spheroidal vector wave functions and written in matrix form as [4] (I) with the overbar denoting a column matrix and T the trans- 
The two electric fields EiA and EsBA , which are incident on the spheroid A, determine an electric field EsA , scattered by A, which can also be expanded in a series of prolate spheroidal vector wave functions as
M;~ and a are column matrices whose elements are prolate spheroidal vector wave functions of the fourth kind, expressed in terms of unprimed spheroidal coordinates, and the corresponding unknown expansion coefficients, respectively, which are defined in Appendix I.
The total electric field seen from the spheroid A can be written as
Similarly, the total electric field seen from the spheroid B 
III. BOUNDARY CONDITIONS
The tangential components ( ri and </>) of the total electric field intensity must be equal to zero on the surface of each perfectly conducting spheioid ~ = ~A and ~, = ~B· Thus from (6) and (7) we have (8) (9) Taking the scalar product of both sides of (8) and (9) by (10) and (11) can be written in the form
where
[G]
[G] is the system matrix, which depends only on the geometry of the scattering system and the frequency of the incident where wave.
The matrix form (13) gives the coefficients in the expressions (5) and (2) of the electric fields scattered by the two spheroids. Once these coefficients are calculated, the resultant electric field at any point is determined E = E; + EsA + EsB. 
Using these asymptotic values, we have the following asymptotic expressions [ 11] :
where F and F' are the semi-interfocal distances of spheroids
with 00 00
• ,{(a;;+ a ::,;,n) cos (m + l)<b + j(a ;;-a ::,;,n)
A and B, respectively, and and
The asymptotic forms of various vector spheroidal wave functions are obtained on the basis of the expressions in (17)- (20), and, subsequently, the scattered electric field intensity in the far zone can be written as
[CJ = [ :::: ::::
Czz' a,;~ = ka!n, a;,;n = ka7nn, Smn = Smn(h, COS 0). (28) The expressions of Fo, 8 (0', cp') and Fq,1 8 (0', <P') in primed coordinates are obtained from those of FoA (0, <P) and F<l>A (0, </J), respectively, by replacing a by {3, and multiplying each expression by an overall phase factor exp Uks · d). The expressions of F 08 (0, </>) and F¢ 8 (0, </>) are obtained from
,respectively, by substituting all the functions in primed variables O', </>' in terms of the unprimed variables (21) 0, </>. Since the direction of the scattered wave vector ks in the far field with respect to the primed system is specified by the angular spherical coordinates (8', <J>' ) (see Fig. 1 ), we have 20) in terms of x', f, i' (see Appendix I) , and identifying the corresponding coefficients of x', f, 'i'
which is the required relationship between the primed and unprimed angular coordinates. The bistatic radar cross section is defined as .
2 IEs ' fl2
with the unit vector i denoting the direction of polarization of the receiver at the point of observation. When i has the same direction as Es, the normalized bistatic cross section is 
V. NUMERICAL RESULTS
Results of numerical computation are presented for the bistatic and backscattering cross sections in the far field. Prolate spheroids of axial ratios 2 and IO have been chosen to observe the effects of fat and thin spheroids on the scattering cross sections, for various displacements of their centers, and for relative orientations corresponding to the Euler an-
'Y = 45 ° . The backscattering cross sections calculated for two prolate spheroids with very small values of the three Euler angles have been found in very good agreement with those calculated by considering the two spheroids as being parallel.
The series expansions of the incident and scattered electric fields in terms of vector spheroidal wave functions are infinite in extent. Thus all the matrices introduced in Sections II and III are infinite in size (see Appendixes I and III) . In order to obtain numerical results, it is necessary to truncate all series and corresponding matrices according to the required accuracy. By performing systematically numerical experiments on the expressions (61)-(63) of the rotationaltranslational addition theorems for vector spheroidal wave functions (see Appendix I), we have found that it is sufficient to take -2 ::5 µ ::5 2 and v = lµI, lµI + 1, · · ·, lµI + 5 in the double summations on the right-hand sides in order to obtain an accuracy of at least two significant Jigits, when compared with the values of the corresponding left-hand sides of the equations, for various values of m and n. All the vector spheroidal wave functions and the rotational-translational coefficients have been evaluated with an accuracy of five sig- Fig. 2(a) the centers of the spheroids are separated by X/2. and in Fig. 2(b) by X. When the axial ratio changes from 2 to 10. a significant decrease in the magnitude of the bistatic scattering cross sec-
aA as tion in both E-and H-planes is observed, which is due to the reduction in the available scattering area of the system of two spheroids. Both E-and H-plane patterns, tend to show more oscillations when the distance between the spheroid centers d is increased from A./2 to A, since the effect due to multiple scattering becomes more pronounced. Fig. 3 shows the variation of backscattering cross section in terms of the direction of the incident field, for both TE and TM polarizations. The same orientation and center-to-center distances are considered for the same spheroids, as in Fig. 2 . In this case, the behavior of the backscattering cross sections for both TE and TM polarizations is almost the same. When d = "A, the minima of the backscattering cross sections are much deeper and sharper than they are ford = A.12.
If the centers of the two spheroids are displaced by A.12 in a direction perpendicular to the z axis of the spheroid A, with the orientation specified by the Euler angles a = 45 •, (3 = 90°, /' = 45°, the plots of the normalized backscattering cross section versus angle of incidence are shown in Fig. 4 . When the axial ratio of the spheroids alb is 2, the curve for TE polarization shows more oscillations than that for alb = i o .,-----,a=-A-....,a=-B 
..--a=-A---,a=-B---, -=2 -=10
bA _ _..-··~~ 10. The minima for TM polarization occur near O; = 30° and O; = 150°, the lower minimum being for alb = 10. In Fig. 5 , the variation of the backscattering cross section with the angle of incidence is presented for two different spheroids, of axial ratios 2 and 10, having the same Euler angles as in Fig. 4 . The center O' of the spheroid B has spherical coordinates d = A.12, 0 0 = 60°, and </>o = 20° with respect to the system Oxyz attached to the spheroid A (see Fig. 1 ). In this case, the backscattering cross sections for both polarizations are subjected to oscillations, with the one for TE polarization having a deep and sharp minimum near O; = 100°.
The results obtained for the backscattering cross section in the case of the two prolate spheroids having the same general displacement as in Fig. 5 , but rotated with respect to each other by very small Euler angles, a = 0.001°, (3 = 0.001 °, '}' = 0.001 °, are compared in Fig. 6 with the results obtained for the same configuration of the two spheroids, but with parallel major axes [4] . As expected, the results are in good agreement. 
VI. CONCLUSION
On the basis of the rotational-translational addition theorems for vector spheroidal wave functions recently derived [8] , an exact solution to the problem of scattering of electromagnetic waves by a system of two spheroids of arbitrary orientation has been obtained for the first time. The exact boundary conditions are imposed by expanding the resultant field seen from a system of coordinates attached to each spheroid in terms of an appropriate set of vector spheroidal eigenfunctions. Numerical results are presented for prolate spheroids having axial ratios 2 and 10, rotated with respect to each other, in various configurations. Results obtained by the exact method developed in this paper are also important for evaluating the accuracy of the approximate methods which can be applied for the analysis of electromagnetic scattering by similar configuration systems. The authors intend to extend the formulation presented for perfectly conducting spheroids to dielectric spheroids and also to excitations which are not plane waves. 
'Ir~~= R~~(h,~)Smn(h,71)ejm<f>, i = I,2,3,4 (36) where R~~(h, ~)and Smn(h, 71) are the spheroidal radial function of the ith kind and the spheroidal angle function, respectively.
The incident electric field in the unprimed coordinate systern (see Fig. 1 (38) with Nmn(h), 'Yk· and O; being the normalization constant of the spheroidal angle function, the polarization angle, and the incident wave angle (see Fig. 1 
and
with (43) The incident electric field in the primed coordinate system (see Fig. 1 
where (47) where
with a, ~. 'Y being the Euler angles. It should be noted that if the coordinate system O'x'y'z' is brought to coincide with Oxyz, and h' = h, then the expressions in (44)-(46) reduce to those corresponding to the incident field E;A (see (37)-(38)). By arranging the terms in the</>' sequence ei 0 , e±i<f>', e ± 2 i<I>', ... , we can write the expansion of EiB in matrix form as given in (7), in which
with
The electric field scattered by the spheroid A , EsA , can be expanded in terms of prolate spheroidal vector wave functions as [4] 00 00
Arranging the terms in the expansion of EsA in the same </> sequence as that in the expansion of E;A, we can write EsA in matrix form as given in (5), in which aT -ar,lrl ar.lrl + 1 ar.lrl +2 ....
Similarly the expansion of the electric field scattered by the spheroid B, E 58 , can be written in a matrix form as given in (2) and (7) To express the outgoing (scattered) wave from the spheroid B as an incoming wave with respect to the spheroid A, we use the rotational-translational addition theorems for vector spheroidal wave functions [8] 
[cril=:
where r and r' represent the coordinate triads (~, 7/, cJ>) and (f, 71', </>'), respectively, and
with Cax', Cay', Caz' (a = X, y, Z) defined in (48) The transpose of M ~1 is
where 
The matrix (r] with the rotational-translational coefficients ( 4 lQ';',n derived in the Appendix II.
The elements of the matrix [r'] introduced in (7) are obtained from the corresponding elements of the matrix [r] by replacing < 4 lQ';',n by ( 4 lQ;'.n (see the Appendix II) and Ci by
The elements of the matrix M~~ in (7) are obtained from the corresponding elements of the matrix M~~T by expressing the vector wave functions, in primed coordinates.
It should be noted that for computational purposes, the following relations are used [ 11] :
The coefficients in the expansion of scalar spheroidal wave functions in unprimed coordinates in terms of same functions 
(4)Q'r,jrj +2 u,jaj+2
(4) Q1T,jrj+2 u,juj+3 in primed coordinates, for r' :$ d and i = l, 2, 3, 4, are [9] (i)Q;.,n(a, {3,
where d:;'n(h) and d:'(h') are the spheroidal expansion coefficients, and Nµ,(h') is the normalization constant [11] . In this expansion the following notation is used:
with P~":_~-;m,m' -lm) (cos {3) being the Jacobi polynomial of argument cos {3;
in which a(K, sl -µ, /jp) are the linearization expansion coefficients [2], [3] , the first term in the series being Po = max (j/ -sl, I K -µj), or Po+ 1, so that its last term is I+ s, and
where z~i). i = I, 2, 3, 4 , are the spherical Bessel functions
np. P , an P , respective y, an rP 1st e associate Legendre function of the first kind.
Considering the translation from the system 0 'x 'y 'z' to Oxu y 11 zu and then the rotation of the system Ox 1 1 y 1 1 z 11 about 0 through the Euler angles -')', -{:J, -a, we derive the The submatrices [Xm] have the form where the elements are given by 
• e -j(m+ I)</> dri d<f>.
These integrals are evaluated in [10] . The submatrices of
